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NTRODUCTION

The addition formula for Jacobi polynomials was announced by the author
2]. Afterwards three different proofs were published, cf. 37, 47, 5].
acial case was earlier obtained by SAPIRO [67. The addition formula is
itral result in the theory of Jacobi polynomials which implies many

: important formulas. Therefore, it seems worthwhile to publish yet

1er proof of this addition formula. Compared to the earlier proofs the
:ant proof is rather short and it does not involve many calculations.
7er, it would not have been easy to obtain this proof without knowing
addition formula already.

The idea of the proof is as follows. Consider the three-dimensional

»n bounded by the cone z2 - 2xy = 0 and by the nlane x + vy = 1. Let Hn
ce the class of all nth degree orthogonal polynomials on this region

—R— -1
a-p-l 2)B 2, Then an ex-

respect to the weight function (1-x-y) (2xy-z
it orthogonal basis can be constructed for Hn in terms of products of
ain Jacobi polynomials. The region and the weight function are invari-
vith respect to rotations around the axis of the cone. Therefore, the
>ducing kernel of Hn is invariant under such rotations. The addition
1la for Jacobi polynomials follows from this symmetry relation for the
»ducing kernel. There exists a similar proof of the addition formula
jegenbauer polynomials. It uses orthogonal polynomials in two variables
1e unit disk. '

It is of interest to compare the present prodf of the addition formula
Jacobi polynomials with two earlier proofs by group theoretic methods
(3], [4]). In these two references a much bigger symmetry group was
than the one-parameter group considered in the present paper. Further-

, a restriction to integer or half integer values of the parameters o

3 is not required here.

RELIMINARIES

(a,B)
n
:gree n on the interval (-1,1) with respect to the weight function

For a,B > -1 Jacobi polynomials P (x) are orthogonal polynomials




[]—x)a(l+x)B and with the normalization P

éa,B) of a Jacobi polynomial Pia’s)(x)
1

2.1) n{*8) - f ({8 ()2 (1-0)* (14 Pax

-1

:ic norm h

or o = B Jacobi polynomials are called Gegenbau
(0,0) \__\ = (132 plasa)
P (x) = (D" P V().

Let R be a bounded region in the q-dimensio
let w(x) = w(x],xz,...,xq) be a positive continu
. The class Hn of orthogonal polynomials of deg
:he weight function w(x) consists of all polynom

:ree n such that

J p(x)q(x)w(x)dx = 0

R
lf q is a polynomial of degree less than n. Ther
o choose an orthogonal basis of Hn' One possibl

>ram-Schmidt orthogonalization process to the mo
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1
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X
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2 2
"pk” = { (pk(x)) w(x)dx.
R
[he function

N

2.2) KRGy = ) I 070 b Gop, ()
k=1

ls called the reproducing kernel of Hn' Note tha

:he choice of the orthogonal basis. In particula

+1)n/n!. The quadra-
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B+l (nta+1)T(n+B+1)
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clidean space Eq and
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2,...,nq).

of H and let
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y € R)

y) is independent of

T is an isometric




ying of Eq onto itself such that T(R) = R and w(Tx) = w(x) (xeR) then

}) K(TX,TY) = K(X,Y)-

'HE ADDITION FORMULA FOR GEGENBAUER POLYNOMIALS

Let o > -}. The formula

) Pia,a)(cos\e cos T +sin O sin T cos ¢) =
o k _(a+k,o0+k)
= z cz e (sin 8) Pn—k ’ (cos 9)
k=0 ’
-1 -1
(sin T)k Pﬁg;k’a+k)(cos T) Péa 2,9 2)(c:os ¢),
e
(o+k) (n+20+1), (20+1), (n-k)!

) . - k k
' n,k

2% (o410 (a4, (ot 1) _

ralled the addition formula for Gegenbauer polynomials (cf. [1, 3.15(19)
fixed 6 formula (3.1) can be considered as an expansion of the left

| side in terms of the functions

k P(a+k,d+k)

-1 o1
n—-k (cos 1) Péa 2,0 2)(c_os ¢) .

(sin 1)
1a 3.1 below states that these functions are orthogonal polynomials in
two variables x = cos T and y = sin T cos ¢. A new short proof of (3.1)

. follows very easily.

A 3.1. Let Hn be the class of orthogonal polynomials of degree n on the

'R =
2 2 :

{(x,y) | x2 + y2 < 1} with respect to the weight function
-y YY1 o > -L. Then the functions

Nl—

1 P R | -1
Y b Goy) = RS Gy (1) R (0T (%) Ty




—~

(k=0,1,2,...,n) form an orthogonal bastis of H, which is obtained by ort?

jonalization of the sequence l,x,y,xz,xy,yz,x3,x2y,... .

ROOF. Clearly, P k(x,y) is a linear combination of the monomials

l,x,y,x 2,xy,y ,...,xn,xn_ly,...,xn—kyk, and the coefficient of xn—k k is
_1

1on-zero. By substituting u = x, v = y(]—xz) ? and by using the orthogor

1lity properties of Jacobi polynomials it follows that

n,k ’ m,]. ’
R

- 5 (a+k, a+k) (a=1,0- 2)

n,m k,1 n-k k I
Next we prove (3.1). Any rotation T around the origin maps the disk
-1
mto itself and leaves the weight function (1_X2_y2)a ? jnvariant. Let
o -2
. ' ' - 1 '
3.4) K((X’y)s(x sy )) kzo "pn,k" 1')n,k(X’y)pl’l,k(x Y ).

lence, it follows from (2.3) that

'3.5) K((x,y),(cos 6, sin 68))

= K((x cos 8 + y sin 6, -x sin 6 + y cos 6),(1,0)).

jubsitution of (3.3) and (3.4) in (3.5) gives

3.6) "pn 0" (a 0L)(I)P(Ot 0L)(x cos 6 + y sin 8) =
n 1 -1 ~1 =1
- z "pn k"—2 Pr(lgik,oﬁ'k)(x)(l_xz)fk Plga 250 ;)(y(]_xz) 2) o
k=0 ’
Pi?;k’a+k)( os 6)(sin 9) (a 2,07 2)(l)

utting X = cos T, y = sin T cos 6 in (3.6) we obtain (3.1) with

=1 -1
upn,ouz Pé“ 2,072) (1)

C = .
n,k 2 (OL,OL)
o, 17 P (1)




-1 =1
sing that "pn k" = hég;k,a+k)héa 220 2), a straightfc calculation

s back (3.2).

HE ADDITION FORMULA FOR JACOBI POLYNOMIALS

Let a > B > -}. The formula

) Péa’s)(Z cos2 9 cos2 T+ 2 sin2 ] sin2 T r2 +
n n
+ sin 26 sin 21 r cos ¢ -1) = Z z (aksi
K0 150 ®
+ (sin )% M (cos o)1 P{UPRTLEM) (o5 5g)
(sin T) Zk= (cos T) (a;Zk 1,8+ 1)( os 21)
a=B-1,8+1 ~3,8-%
- et e Y 2r-1) p{ETHETD) (cos o),
| (a 8) _ (a+2k—1)(s+1)(n+a+8+l)k(8+n-k+1+l)k_l( _(n-k)!
“n,k,1 - (atk) (B+21) (B+1), (B+1), (a+k+T)
alled the addition formula for Jacobi polynomials (cf. [WINDER
(3)1). It was pointed out in [5, §3] that for fixed 6 formula
) can be considered as an expansion of the left hand s | terms of
functions
p(o=B=1,8+1) (8-1,8-1)
k 1 (2 -1) P1 (cos ¢),
1 are orthogonal polynomials in the two variables r2 a 0s ¢. How-
, for fixed 6 formula (4.1) can also be considered as ansion of
left hand side in terms of functions in 1, r, ¢ which thogonal

. . . 2 2 ., 2
1omials in the three variables x = cos T, y = r sin

? ’r sin 21 cos ¢. This will be proved in Lemma 4.1 be 'hen the

zion formula (4.1) follows in a similar way as the res . §3.




Figure 1

Let R be the three-dimensional region {(x,y,z) [ 0<x+y<l,
2 < 2%y}, which is bounded by the cone 22 = 2xy and by the plane x + y = 1
rthogonal to the axis of the cone (cf. Fig. 1). Let Hn be the class of
rthogonal polynomials of degree n on the region R with respect to the
eight function

“B 2xy-2HP, 0> 8 > -

4,3) w(x,y,2z) = (1-x-y)

EMMA 4.1. The functions

+2k-1,B8+1 k-1
4.4) Pn,k’l(x,y,Z) = Pt(ﬁk B )(2x—1)(1—x) .

—R=- - 1 -1 p_1 -1
¢ (BB EBIL (g 1 p(BTHBH) ()T

n >k 212 0) form an orthogonal basis of Hn’ which is obtained by

rthogonalization of the sequence

2 2 2 3
1,X, V523X ,XY,XZ,Y 3¥Z52 43X 5000

ROOF. Clearly, the function P 1 1(x,y,z) is a polynomial of degree n in
b 3

,¥,2, of degree k in y,z and of degree 1 in z. Hence, (x,v,2) is a
. . . . mj=mp mMp~m3 M3
inear combination of the monomials x y z

- - =1
n kyk 1zl. Let u = 2x - 1, v = (x+2y-1)/(1-x), w = z(2xy) ?. The

pn,k,l
with "highest" term

onst. x
apping (x,y,z) - (u,v,w) is a diffeomorphism from R onto the cubic region
(u,v,w) I -l <u<l, -1 <v<l1l, -1 <w< 1}. By making this substitution

nd by using the orthogonality properties of Jacobi polynomials it follows




JJJ Pn,k,l(x,y,z)an,kv,11(X,Y,Z)W(X,Y.Z)dxdydz =
R

-20-2k-1-1 _ (a+2k~-1,B8+1)
$n,n 0k, k81,10 2 b

. héa_e—l,8+1)h(8—%’8-%)- D
-1 1
Next we prove the addition formula (4.1). Let

n n

) K((X,Y,Z),(X',Y',Z')) = Z Z

° 1] 7 ]
Pk, 1 (%7520 o (x55y 7527
b>llows from (4.4) that PL k 1(1,0,0) = 0-if (n,k,1) # (n,0,0). Hence
b 3
) R((x,y,2)5(1,0,00) = Ip_ o 172 2{®B) (1yp (0B g0y,
b 3

rotation around the axis {(x,y,z) [ x =y, z = 0} of the cone maps the

»n R onto itself and leaves the weight function w(x,y,z) invariant. In
icular, consider a rotation of this type over an angle -26. It maps the

t (cos2 9, sin2 9, 2—% sin 26) onto (1,0,0) and the point (x,y,z) onto
int (£,n,z) where & = x_cos2 6 +y sin2 6 + 2—%2 sin 26. Hence, by (2,3),
), (4.6) and (4.4) we have

-2 _(o,B) (a,BR) 2 .2 -1 . L
"Pn,O,O" P (I)Pn (2(x cos” 6 + y sin” 6 + 2 2z sin 26)-1)

=1
K((x,y,z),(cos2 8, sin2 8, 2 * sin 20)) =

n k

-2 o (a=B=1,8+1)  (8~4,8-4)

Z z Ip I P ’ ()P 2P 27 (1)
n,k,1 k-1 1

k=0 1=0 T

(a+2k-1,B8+1)

. 2k-1 1
(sin 9) (cos 6) Pn—k

(cos 28) -

oo (0+2k=1,8+1) ., k=1 _(a=B-1,8+1) x+2y-I
P (2x=1) (1=x) "~ P, 2] 5

1 =1 -1 =1
° (Xy)21 Pis 298 2)((2xy) 22).




DNl

. . 2 . .
tution of x = cos T, y=r sin T, z = 2 °r sin 2T cos ¢ gives (4.1)

2 (OL—B—];B"']-) (8—%38_%)

(0,8) _ "pn,O,OH Pk—l (l)P1 (1)
C 3

n,k,1

o 12 plesB) gy
n

n,k,1

the expression for "pn K 1"2 at the end of the proof of Lemma 4.1
9 9

back formula (4.2).
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{TRODUCT ION

This note answers a question posed by ASKEY 72, p.837]. An addition

1la for Laguerre polynomials Lz(x) (0>0) will be derived which reduces
iteman's addition formula [3, p.457] for a + 0 and which leads by in-
ition to Watson's integral representation [15] for the product

Lg(y) of two Laguerre polynomials.

This addition formula turns out to be a limit case of the addition

tla for the so-called disk polynomials which are orthogonal polynomials
10 variables on the unit disk. If r, § are polar coordinates on the
disk then the addition formula is an orthogonal expansion of

Li(x2 + y2 - 2xy r cos ) exp(xyrelw)

rms of disk polynomials of order o - 1 depending on r and y.

ELIMINARIES

(a,B)
n -
1 functions Ja(x) be as defined in ERDELYI [6]. It will be convenient

(2:8) (), L>(x) and J_(x), respec-

Let Jacobi polynomials P (x), Laguerre polynomials Lg(x) and

e the slightly different functions R
y, which are defined by

(a,B) _ p(a,B) (a,B)
Rn (x) = Pn (X)/Pn (n,

Lz(x) - o HX Lﬁ(x)/Lﬁ(0),

1 -0
Ja(x) T'(a+1)(ix) Ja(x).
Laguerre polynomials are a confluent case of Jacobi polynomials by

imit formula

1 -
3X 0 Coas (a,B),,_ 1
e Ln(x) = 1lim Rn (1-28 'x),

B>

BIR OTHEE MATHEMATISCH CENTRUM
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hich holds uniformly for x in bounded sets. The functions Lg(x) satisfy

he inequality
2.2) L) <1 (@20, x20),

f. ERDELYI [6, 10.18(14)7.
Let z = x + 1y, z=x - iy, X,y ¢ R. For o > -1 and for nonnegative
ntegers m,n the so-called disk polynomials Ri n(z) are defined in terms

f Jacobi polynomials by

Réa,m—n)(zz;_])zm—n if m = n,

2.3) RY (2) =

R{GD™ (9,7 1)z ™

IN
=}

if m

t is easily proved that the polynomials Ri n(z) are orthogonal polvnomials
3

f degree m + n in x and y on the unit disk with respect to the weight

unction (l-xz-yz)a. In fact, disk polynomials are characterized by the

ollowing properties:

i) Ri n(z) = const. 2"z" + polynomial of degree less than m + n;
9
ii) ff Rz n(x+iy) p(x,v) (l—xz-yz)adxdy = 0 for every polynomial
9
x2+y2<]

p(x,y) of degree less than m + n;
‘o a
111) Rm,n(l> =1,
These polynomials were first studied by ZERNIKE & BRINKMAN [16]. The
otation Rg n(z) was introduced by the author [7, p.181.
b

It can be proved that IRi n(z)l <1 if o 20, |z| < 1. However, we
b

hall only need the estimate
a _ n -
2.4) [Rm,n(z)l =0(m) for m > o,

niformly for |z] < 1, where o > -1 and n are fixed. This estimate follows

rom SZEGO (13, (7.32.2)] by using (2.3).




E ADDITION F

Let a > 0. T

lled the add
OORNWINDER [
d this formu
ions on the
are rationa
tic continua
By putting ¢
g (2.3) in (

(o ,m—
n

R

((1-x%

k=0

m A n denote
hand side i
sk polynomia

Let us next

. FOR LAGUERRE POLYNOMIALS

mula

ig, i9
e cos 62 e + sin el sin Gz're

(o+n+1)

iw)

[}

k(a+m+l)1

(oc+1)k(oc+k)1
i¢I

_1(cos el e ) .

- >
o +k +1

m, n

k+1 _o+k+1
61) Rm-k,n

i¢ .
k+1 _a+k+1 2 a-1 1y
62) Rm—k,n—l(cos 62 e ) Rk,l(r e’ ")

formula for disk polynomials, cf. SAPIRO [12, (1,21)]
4)]. For a = 1,2,3,... both authors independently ob-
interpreting disk polynomials R; n(z) as spherical

b

neous space SU(a+2)/SU(a+1). Since both sides of

tions in o, the case of general o then follows by

=0, X = sin 61, y = sin 82 in (3.1) and by substi-

e obtain form2n, a >0, 0 <x <1, 0<y<I:

1 1
—xz)()-yz) + 2x2y2r2 + 4xy(l—x2)2(l—y2)2r cos ¥ -1)

y2)§ + xyr eiw)m—n _
o o n (oa+n+l)k(oc+m+1)1 .
+k +1 (k)(l) (a+1)k(a+k)1
(o+k+1, |m-n-k+1|) . . 2. . 2.3 |m-n-k+1]|
(m-k)A(n-1) (1-2x7) (1-x7)
(at+k+1, [m-n-k+1[) =, 2 _.2 3 |m-n~k+1] _a-1 iy
(m-k)A(n-1) (1 2y ) (1 y ) Rk’l(r e ).

minimum of m and n. Both in (3.1) and (3.2) the
rthogonal expansion of the left hand side in terms
1 iy
1(r e 7).

-1 -1
e xbym *x and y by m *y in (3.2). Denote this new




‘ormula by (3.2)' and let m » ». First we calculate the formal limit case

f (3.2)' by taking termwise limits. Using (2.1) we obtain

'3.3) Lz(x2+y2—2xy r cos ¥) exp(ixy r sin y) =
-1 3 o ny D
\
k=0 120 o +k+1 1 k.(a+1)k(oc+k)1

k+1
° X

at+k+1l, 2, k+1 ,o+k+1, 2 -1 iy
el XY L, & )Rk’l(r e "),

L
there x 20, y20,0<r=<1,0<49¢ < 27, a>0,n=20,1,2,... . For fixed
(, ¥, @, n the convergence of the left hand side of (3.2)' to the left hand

side of (3.3) is uniform in r and Y. Denote the right hand side by

Z Z C 1(x,y,a,n)Ri 1(r e l1)),
k=0 1=0 ? ?
there 1 = 0 if 1 > n. Then the coefficients 1 denote the Fourier co-

:fficients of the left hand side with respect to the orthogonal functions
Lﬁji(r eiw). We shall prove that this Fourier series uniformly converges
n r and ¢. Then the identity (3.3) actually holds.

Let o and n be fixed and let x and y be in bounded sets. Then, by (2.2)

ind (2.4) there is a constant M > 0 such that
a-1 iy k, ,
<
Ick’l(x,y,a,n)Rk’l(r e )| s M/k:,
miformly in r and y. Hence the Fourier series is uniformly convergent in

*and Y.

Integration of (3.3) gives the product formula

1 m
3.4) Lu(xz)La(yz) = 2aw_] f J La(x2+y2+2xyr cos Y) -
n n n
00
. 2,a-1
* cos(xyr sin ¢)r(l-r drdy (x,y 20, o > 0)

ly putting r cos ¢ = cos B, r sin y = sin 6 cos ¢ in (3.4) and by substi-

'uting Poisson's integral representation for Bessel functions we obtain




T
a, 2y,a, 2, _ I'(a+l) a, 2 2 .
Ln(x )Ln(y ) = I'(a+3)T (1) [ Ln(x *y +2xy cos 0)

0

. Ja_l(xy sin 6)(sin e)zade(x,y >0, a > -4).
2

.ase =} < o < 0 follows by analytic continuation. This formula is due

TSON [15]. ASKEY [2, pp.82,83] applied this product formula to define
volution structure for Laguerre series, thus extending earlier results
CULLY [10] for the case o = 0. However, this convolution structure is
ositive and it is not defined for all L]-functions.

If we put r = 1 in (3.3) and let o + O then we obtain the addition

la

Lg(x2+y2—2xy cos y) exp(ixy sin y) =

E#_(n;k xk L x2

) (

Ky L) oMY s

I
Il o~18

k=0

1 1,1 2, 1,1 2, -il
ij-(?)x Ln-—l(X )y Ln-—l(y ) e ' w'

+
ho~—g

1=1

formula was stated without proof by BATEMAN 3]. Later two different
s were given by BUCHHOLZ [4, p.144] and by CARLITZ [51.

MARKS
For x =y, r=1, ¢y = 0 formula (3.3) implies the identity
T o (etnt 1)y (HL oL (2002
1 - °
Ko 120 @ F K+ 1 1 KT(aD), (a¥k), n-1

Inequality (2.2) is contained in this identity. Expressions for
Lz((x+y)2) and Lg((x-y)z) follow from (3.3) by putting r = | and

¢y =0 orm,

The addition formula (3.3) for Laguerre polynomials cannot be obtained
as a limit case of the addition formula for Jacobi polynomials, cf.

KOORNWINDER [9, §5, remark 8]. The addition formula (3.1) for disk




polynomials is a more general result which implies both the addition
formula for Jacobi polynomials (m=n) and for Laguerre polynomials

(m>)

The convolution structure for Laguerre series of order zero has a
group theoretic interpretation on the Heisenberg group, cf. PEETRE
[11]. Integration of (3.1) gives a product formula for disk polyno-
mials. This product formula implies a positive convolution structure
for disk polynomial expansions which has a group theoretic interpre-
tation on the homogeneous space SU(a+2)/SU(a+l), o = 1,2,3,... (cf.
ANNABI & TRIMﬁCHE (11, TRIMiCHE [147). It would be of interest to

study the relation between both convolution structures.
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TRODUCT ION

(
n
gree n on the interval (-1,1) with respect to the weight function

Let a,B > —-1. Jacobi polynomials R OL’S)(x) are orthogonal polynomials

OL(1+x)8 and with the normalization Ria’s)(l) = 1.

Let us consider functions u defined on [0,n/21 x [0,n/27 of the form

(a,B)

(
e Ry

u(s,t) = (cos 2s) Rka’s)(cos 2t),

k

No~—>m3

0

n=0,1,2,... and Co2Cyse-+sC, are arbitrary real constants. The func-
u(.,t) is called the generalized translate of the function u(.,0). The
se of the present paper is to give a new proof of the following theo-

f GASPER [5], [6].

EM 1.1. Let a 2 B = =}. If u(s,t) has the form (1.1) and Zf u(s,0) 2 0
ach s € [0,m/2] then u(s,t) 2 0 for each s,t € [0,n/2].

We mention three possible approaches to prove Theorem 1.1.
CHNER [2] pointed out that in the case o = f > -j the positivity result
llows from the product formula for Gegenbauer polynomials. The product
rmula for Jacobi polynomials (cf. KOORNWINDER [71) has a similar corol-
ry in the case a = B > -1.
SPER [5], [6] explicitiy calculated the kernel of generalized transla-
on and he expressed the kernel in terms of hypérgeometric functions.
is enabled him to prove that generalized translation for Jacobi series
positive if and only if a > B > -} or a > |B]|, B > -1.
nctions of the form (1.1) are solutions of a hyperbolic differential
uation. A maximum property of such solutions implies that if
>B>-1, a+B8+ 120 and if u(s,0) = 0 for each s ¢ [0,7/27] then
s,t) 20 for 0 < t < s < 7n/2 - t. This result is due to WEINBERGER
] in the case o = B > -} and to ASKEY [1, p.811 in the general case.
o = B = -1 then the positivity of generalized translation follows
om the case 0 < t < s < 7/2 - t by the identities u(s,t) = u(t,s) and
s,t) = u(n/2-s,n/2-t). However, if o > B then this method fails since

e second identity no longer holds.




In the present note
escribed in C. The proof
1, p.817.

It is of interest to
(a,B
A

hat the generalized tran

f Jacobi functions ¢

n the case a = B = -} by

ained the positivity res
he case of Jacobi functi
(s,t) | 0 <t < s}. Henc

he more intricate argume

. THE POSITIVITY OF GENE
Let us write

w(s) = wa’s(s)
nd

(

a(s,t) = aa,B

acobi polynomials satisf

-1 d
(Wa,e(s)) s

= =4n(n+o+B+

ence, any function u of

ifferential equation
2.1) (a us)S - (au

Using Bateman's inte

wve Theorem l.l by using the approach

ment of Askey's argument used in

:se results with the corresponding case
'ED-JENSEN & KOORNWINDER (471 proved
Jacobi function expansions is positive
)ach A. CHEBLI [3] independently ob-

B 2 -a - 1 by using approach C. In

s only to consider the region

uld obtain his result without using

need.

‘SLATION FOR o =2 B = -

Nl

+1

+](cos s)28 (0 < s < 7/2)

s)wa’s(t).

ential equation

-R(a’B)(cos 25)] =
n

s 2s).

1) is a solution of the hyperbolic

obi polynomials ASKEY [1, p.827 proved:




\ 2.1. Let o 2 B > -1 and let u(s,t) have the form (1.
2ach s € [0,m/2] then u(n/2,t) 2 0 for each t ¢ [0,m/2

Using approach C we shall prove:

\ 2.2. Let o 2 B 2 -} and let u(s,t) have the form (1.
2ach s € [0,1/2] and <f u(n/2,t) > 0 for each t e [0,
t) > 0 for each (s,t) such that 0 < t < s < /2,

Lemma 2.1 and Lemma 2.2 together imply theorem 1.1.

? OF LEMMA 2.2. Let 0 = (0,0), C = (n/2,0), D = (w/2,mw

se a point P in the closed triangular region OCD and 1

s on AC or CD such that the slopes of AP and BP are 1
ly.

P P/

//\ Y A

C 0 A C 0

Figure 1 | Figure 2 Figure 3

iny possible contour ABP (cf. figure 1,2,3) we have by

3's theorem:

o
]

JJ [(a us)s - (a ut)tW ds dt
ABP

+ § (a u dt + a u, ds) = + ( [ + J) a
ABPA AP BP
is positive on OC and CD then a(A)u(A) + a(B)u(B) =2 0

by parts gives

) 2a(P)u(P) = [ u(as+at)dt + f u(—as+at) dt.
AP BP

*u(s,0) =20

‘u(s,0) > 0

en

= (0,m/2).

nd B be

1, respec-—

and by

e, integra-




't follows by a simple calculation that

ias(s,t) + at(s,t) a(s,t)(cotg t £ cotg s) -

+1

* ((20+1) (2B+1)tgs tgt).

lence, -a_ +a > 0 if 0 <t < s < 7/2. Let T denote the curve

(s,t) | 2a + 1 - (2B+1)tgs tgt = 0}, cf. figure 2.

E D
r A2
P 92 B2
Q{\l
0 A] B, C
Figure 2

ny line inside OCDE with slope | intersects T in one and only one point

'he curve I' separates the region OCDE in two connected regions Q] and‘Q2

m which a  +a, is positive, respectively negative. Suppose now that u
jositive on OC and CD but that u(s,t) < 0 for some (s,t), 0 < t < s < 7/
'hen, by continuity, there is a line A]A2 (A, on OC and A, on CD) with s

1 2

and there are points P, and P2 on AlAZ (cf. figure>2) such that u(P])

1

: 0 = u(Pz) and u(s,t) > 0 on the open region A]CA and on the open line

2

.egments A]P] and A2P2. Let Bi (i=1,2) be on OC or CD such that PiBi has
lope —-1. In at least one of the two cases i = 1,2 the open line segment
'iPi is contained in the region Qi. For this choice of Ai’ Bi’ Pi formul

2.2) gives a contradiction. [J
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